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Deep inelastic scattering

Reactions of the type

lepton(k, s) + nucleon(P, S) → lepton(k′) + X

• Played a seminal role in the development
of our present understanding of the sub-
structure of elementary particles.

• Bjorken scaling (late nineteen-sixties) sug-
gested that elementary particles contain al-
most pointlike constituents ⇒ the Parton
Model.

• Existence of missing constituents.... glu-
ons.

• Testing of QCD.
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One photon exchange approximation

lepton

nucleon

k
k’

q

s

s’

S

X
P

m = lepton mass, M =nucleon mass s · s = −1

S · S = −1, s · k = 0, S · P = 0

Differential cross-section for detecting the final

lepton in the solid angle dΩ and in the final

energy range (E′, E′ + dE′) in the laboratory

frame, P = (M, 0), k = (E, k), k′ = (E′, k′):

d2σ

dΩdE′
=

α2

2Mq4
E′

E
LµνWµν

where q = k − k′ and α is the fine structure

constant.
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The leptonic tensor Lµν is given by

Lµν(k, s; k′, ) =∑

s′
[ū(k′, s′) γµ u(k, s)]∗ [ū(k′, s′) γν u(k, s)]

Can split into symmetric (S) and antisymmet-

ric (A) parts under µ, ν interchange:

Lµν(k, s; k′, ) = 2{L(S)
µν (k; k′) + iL

(A)
µν (k, s; k′)}

where

L
(S)
µν (k; k′) = kµk′ν + k′µkν − gµν (k · k′ −m2)

L
(A)
µν (k, s; k′) = m εµναβ sα qβ
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The unknown hadronic tensor Wµν: describes

interaction between the virtual photon and the

nucleon.

Depends upon four scalar structure functions:

Unpolarized functions W1,2; spin-dependent func-

tions G1,2.

Can only be functions of the scalars q2 and

q · P .

Usually work with

Q2 ≡ −q2 and xBj ≡ Q2/2q · P = Q2/2Mν

where ν = E − E′ is the energy of the virtual

photon in the Lab frame.

xBj is known as “x-Bjorken”, and we shall sim-

ply write it as x.
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Wµν(q;P, S) = W
(S)
µν (q;P ) + i W

(A)
µν (q;P, S)

with

1

2M
W

(S)
µν (q;P ) =

(
−gµν +

qµqν

q2

)
W1(P · q, q2)

+

[(
Pµ − P · q

q2
qµ

) (
Pν − P · q

q2
qν

)]
W2(P · q, q2)

M2

1

2M
W

(A)
µν (q;P, S) =

εµναβ qα



MSβG1(P · q, q2)

+ [(P · q)Sβ − (S · q)Pβ]
G2(P · q, q2)

M



 .

These expressions are electromagnetic gauge-

invariant:

qµWµν = 0
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The Bjorken limit, or Deep Inelastic Scattering

(DIS) regime,

−q2 = Q2 →∞ ν = E − E′ →∞

x =
Q2

2P · q =
Q2

2Mν
, fixed

Introduce scaling functions:

lim
Bj

MW1(P · q, Q2) = F1(x, Q2)

lim
Bj

νW2(P · q, Q2) = F2(x, Q2) ,

lim
Bj

(P · q)2
ν

G1(P · q, Q2) = g1(x, Q2)

lim
Bj

ν (P · q) G2(P · q, q2) = g2(x, Q2) .

where F1,2 and g1,2 vary very slowly with Q2

at fixed x.....they approximately scale.
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Expression for W
(A)
µν becomes

W
(A)
µν (q;P, s) =

2M

P · q εµναβ qα



Sβg1(x, Q2)

+

[
Sβ − (S · q)Pβ

(P · q)

]
g2(x, Q2)



 .

What can we measure?

Unpolarized scattering:

d2σ

dx dy
=

4πα2s

Q4
[xy2F1 + (1− y)F2]

where

y ≡ ν

E
=

P · q
P · k s = (P + k)2
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Lepton and target nucleon polarized longitudi-

nally

d2σ

→
⇐

dx dy
−d2σ

→
⇒

dx dy
=

16πα2

Q2


(1−y

2
) g1−

2M2xy

Q2
g2


 .

Nucleons polarized transversely in the scatter-

ing plane:

d2σ→⇑

dx dy
−d2σ→⇓

dx dy
= −16α2

Q2

(
2Mx

Q

) √
1− y

[
y

2
g1 + g2

]
.

(1)

In principle can measure both g1 and g2, but

the transverse asymmetry much smaller and

therefore much more difficult to measure. Only

in past few years have information on g2 which

turns out to be smaller than g1.
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The simple parton model

In frame where the proton is moving very fast,

say along the OZ axis, it can be viewed as a

beam of parallel-moving partons,

In the hard interaction with the photon, the

quark-partons are treated as free, massless par-

ticles with momentum x′P ,
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Find antisymmetric part of the hadronic tensor
is given by

W
(A)
µν (q : P, S) =

∑

f,s

e2f
1

2P · q
∫ 1

0

dx′

x′
δ(x′ − x)

nf(x
′; s, S)w

(A)
µν (x′; q, s)

where w
(A)
µν (x′; q, s) = quark tensor, just like

leptonic tensor L
(A)
µν since quarks are treated

as point-like particles; sum is over flavours f
and spin orientations s of struck quark.

Delta-function forcing x′ = x arises from treat-
ing the quarks as “free” particles on mass shell
i.e. taking

p2 = (x′P )2 = 0 (q + p)2 = (q + x′P )2 = 0

so that

q2 + 2x′q ¦ P = 0 ⇒ −Q2 + Q2 x

x′
= 0

i.e. x′ = x = xBjorken.
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Longitudinal polarization

Fast moving proton, momentum along OZ,

and polarized along OZ. Find

g1(x) =
1

2

∑

f

e2f 4qf(x)

4q(x) = q(+)(x)− q(−)(x)

where q(±)(x) are the number densities of quarks

whose spin orientation is parallel or antiparallel

to the spin direction of the proton .

Usual (unpolarized) parton density is

q(x) = q(+)(x) + q(−)(x)
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What about g2(x)?

There are many different, inconsistent results

for g2(x) in the literature, including this beau-

tiful one

g2(x) =
1

2

∑
e2f

( mq

xM
− 1

)
∆q(x)

due to Anselmino and myself, which, alas, should

not be taken seriously. There is no exact par-

ton model result for g2(x). The only reliable

result is the Wandzura-Wilcczek approximate

relation

g2(x) ' −g1(x) +
∫ 1

x

g1(x
′)

x′
dx′

which was originally derived as an approxima-

tion in an operator product expansion approach,

but which has recently been shown to be deriv-

able directly in the simple parton model.
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The spin crisis in the parton model

Expression for g1 completely analogous to F1,

with q(x) → ∆q(x) .

g1(x) =
1

2

{
4

9
∆u(x) +

1

9
∆d(x) +

1

9
∆s(x) + ∆q̄s

}

Define combinations with specific transforma-

tion properties under the group of flavour trans-

formations SU(3)F :

∆q3 = (∆u + ∆u)− (∆d + ∆d)

∆q8 = (∆u + ∆u) + (∆d + ∆d)− 2(∆s + ∆s)

∆Σ = (∆u + ∆u) + (∆d + ∆d) + (∆s + ∆s)

which transform respectively as the third com-

ponent of an isotopic spin triplet, the eighth

component of an SU(3)F octet and a flavour

singlet.
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g1(x) =
1

9

[
3

4
∆q3(x) +

1

4
∆q8(x) + ∆Σ

]

First moment of this yields

Γ1 ≡
∫ 1

0
g1(x)dx =

1

9

[
3

4
a3 +

1

4
a8 + a0

]

where

a3 =
∫ 1

0
dx ∆q3(x)

a8 =
∫ 1

0
dx ∆q8(x)

a0 = ∆Σ ≡
∫ 1

0
dx ∆Σ(x)

Via the Operator Product Expansion these mo-

ments can be related to hadronic matrix el-

ements of currents which are measurable in

other processes.
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These currents control the β-decays of the neu-

tron and of the octet of hyperons which implies

that the values of a3 and a8 are known from

β-decay measurements.

a3 = 1.2670± 0.0035 a8 = 0.585± 0.025

Therefore a measurement of Γ1 can be consid-

ered as giving the value of the flavour singlet

a0.

Now the European Muon Collaboration, work-

ing at CERN, measured the first moment of

the spin dependent structure function g1 of the

proton and in 1988 announced their startling

result.

aEMC
0 ' 0

Why startling???
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Consider the physical significance of ∆Σ(x).

Since q±(x) count the number of quarks of mo-

mentum fraction x with spin component ±1
2

along the direction of motion of the proton

(say the z-direction), the total contribution to

Jz coming from a given flavour quark is

Sz =
∫ 1

0
dx






1

2


q+(x) +


−1

2


q−(x)





=
1

2

∫ 1

0
dx ∆q(x) .

It follows that

a0 = 2Squarks
z

where S
quarks
z is the contribution to Jz from the

spin of all quarks and antiquarks. The EMC

result for the value of a0 implied that
(

Squarks
z

)

Exp

= 0.03± 0.06± 0.09 .
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Naively, in a non-relativistic constituent model

one would have expected all of the proton spin

to be carried by the spin of its quarks i.e

2〈Squarks
z 〉 = 1.

In a more realistic relativistic model one ex-

pects 2〈Squarks
z 〉 ≈ 0.6, which is far from the

EMC value.

This discrepancy between the contribution of

the quark spins to the angular momentum of

the proton, as measured in DIS and as com-

puted in both non-relativistic and relativistic

constituent models of the proton, was termed

a “spin crisis in the parton model” .
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The parton model in QCD

In QCD with quark and gluon fields as the fun-

damental fields, there are interaction depen-

dent modifications of the parton model for-

mulae for DIS.

QCD is invariant under color gauge transfor-

mations, but the physical content of a Feyn-

man diagram depends on the gauge; a parton-

like picture only emerges in the light-cone gauge

A+ = 0 where Aµ is the gluon vector potential.

The description of nucleon structure becomes

much more complicated, involving twelve func-

tions. The parton model number densities q(x),

∆q(x) (and the analogue for transversely spin-

ning nucleons ∆T q(x) are only the principal, so

called “leading twist” members of this set.
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The reaction is visualized as follows

H

q q

k k

P, SP, S

α β

ν µ

α β

where the top “blob” involves a hard inter-

action (the photon is highly virtual) and the

bottom “blob” involves non-perturbative soft

interactions.

The main impact of the QCD interactions will

be twofold:

1) to introduce a mild, calculable logarithmic

Q2 dependence in the parton densities

2) to generate a contribution to g1 arising from

the polarization of the gluons in the nucleon
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Q2 dependence in the parton densities

2) to generate a contribution to g1 arising from

the polarization of the gluons in the nucleon
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Source of these effects:

1) QCD corrections and evolution. Born
term for the interaction of the virtual photon
with a quark (the hard blob), and simplest cor-
rection terms:

(a)

(b)

Correction terms are infinite: collinear diver-
gences because of masslessness of the quarks.
Removed by a process known as factorization.
Reaction is factorized (separated) into a hard
and soft part and the infinity is absorbed into
the soft part, which cannot be calculated and
has to be parametrized and studied experimen-
tally.
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The point at which this separation is made is
the factorization scale µ2. Terms like αs ln Q2

m2
q

are split:

αs ln
Q2

m2
q

= αs ln
Q2

µ2
+ αs ln

µ2

m2
q

Absorb first term on the RHS into the hard
part and the second into the soft part. µ2 is
an arbitrary number, like the renormalization
scale, and, in an exact calculation, physical
results cannot depend on it.

However the parton density has an extra la-
bel µ2 specifying our choice.Also we never cal-
culate to all orders in perturbation theory, so
can make a difference what value we choose.
An optimal choice is µ2 = Q2, so the parton
densities now depend on both x and Q2 i.e.
we have q(x, Q2) and ∆q(x, Q2), and perfect
Bjorken scaling is broken.

The variation with Q2 is gentle (logarithmic),
and can be calculated via what are called the
evolution equations
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Scheme dependence

In handling these divergences use the tech-
nique of dimensional regularization. Straight-
forward in unpolarized case. Ambiguities in the
polarized case.

Hence several different factorization schemes.
Crucial, when presenting results on the parton
densities, to specify scheme.

At present there are three schemes in use:

i) MS − MNV ( abbreviated as MS). In this
scheme a3 and a8 are independent of Q2.

ii) AB Here also the first moment ∆Σ is inde-
pendent of Q2.

iii) JET = ChiralInvariantscheme. Here a3
and a8 are independent of Q2 as is ∆Σ, but it
can be argued that the JET scheme is supe-
rior to the others in that all hard effects are
included in Hµν .
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2) The gluon contribution to g1.

In NLO gluon-initiated contribution to DIS:

G

k k

q q
2

=

In the Bjorken limit, for the longitudinal polar-

ized case, involves the gluonic version of the

Adler and Bell and Jackiw anomalous triangle

diagram:
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Result: an anomalous gluonic contribution to
the flavor singlet a0

a
gluons
0 (Q2) = −3

αs(Q2)

2π

∫ 1

0
dx ∆G(x, Q2)

≡ −3
αs(Q2)

2π
∆G(Q2).

Note: factor 3 corresponds to the number of
light flavors i.e. u, d, s. Heavy flavors do not
contribute.

So, there exists potentially a gluonic contribu-
tion to the first moment of g1:

Γgluons
1 (Q2) = −1

3

αs(Q2)

2π
∆G(Q2) ! (2)

This result is of fundamental importance. It
implies that the simple parton model formula
for a0 (and hence for Γp

1) in terms of the ∆qf

is incomplete. Instead,

a0 = ∆Σ− 3
αs

2π
∆G. (3)

27



Result: an anomalous gluonic contribution to
the flavor singlet a0

a
gluons
0 (Q2) = −3

αs(Q2)

2π

∫ 1

0
dx ∆G(x, Q2)

≡ −3
αs(Q2)

2π
∆G(Q2).

Note: factor 3 corresponds to the number of
light flavors i.e. u, d, s. Heavy flavors do not
contribute.

So, there exists potentially a gluonic contribu-
tion to the first moment of g1:

Γgluons
1 (Q2) = −1

3

αs(Q2)

2π
∆G(Q2) ! (4)

This result is of fundamental importance. It
implies that the simple parton model formula
for a0 (and hence for Γp

1) in terms of the ∆qf

is incomplete. Instead,

a0 = ∆Σ− 3
αs

2π
∆G. (5)

27-a



A subtlety: result actually depends on the fac-

torization scheme. Correct in AB and JET

schemes, but gluon contribution to a0 is zero

in the MS scheme.

AB and JET more physically meaningful.....∆Σ

independent of Q2. Sensible to compare with

Constituent Model results, which correspond

to very low values of Q2.

Fundamental conclusion: small measured value

of a0 does not necessarily imply that the phys-

ically meaningful, invariant ∆Σ is small. A

resolution of the spin crisis???
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Expression for g1 in NLO

The expression for g1(x, Q2) now becomes

g1(x, Q2) =
1

2

∑

flavours

e2q

{
∆q(x, Q2) + ∆q̄(x, Q2)

+
αs(Q2)

2π

∫ 1

x

dy

y
{∆Cq(x/y) [∆q(y, Q2)

+ ∆q̄(y, Q2)]

+ ∆CG(x/y)∆G(y, Q2)}
}

where ∆CG and ∆Cq are Wilson coefficients
evaluated from the hard part calculated be-
yond the Born approximation. Depend on the
scheme!

Note that very often these equations are writ-
ten using the convolution notation, for exam-
ple,

∆Cq ⊗∆q ≡
∫ 1

x

dy

y
∆Cq(x/y)∆q(y) (6)
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Extraction of parton densities from DIS

data

1) Parametrize densities at some Q2
0 e.g.

∆q(x, Q2
0) = C xα(1− x)βq(x, Q2

0)

2) Respect positivity: |∆q(x, Q2
0)| ≤ q(x, Q2

0)

3) Calculate ∆q(x, Q2) for Q2 6= Q2
0 via evolu-

tion equations.

4) Determine parameters by χ2 minimization.

30



Extraction of parton densities from DIS

data

1) Parametrize densities at some Q2
0 e.g.

∆q(x, Q2
0) = C xα(1− x)βq(x, Q2

0)

2) Respect positivity: |∆q(x, Q2
0)| ≤ q(x, Q2

0)

3) Calculate ∆q(x, Q2) for Q2 6= Q2
0 via evolu-

tion equations.

4) Determine parameters by χ2 minimization.

30-a



Extraction of parton densities from DIS

data

1) Parametrize densities at some Q2
0 e.g.

∆q(x, Q2
0) = C xα(1− x)βq(x, Q2

0)

2) Respect positivity: |∆q(x, Q2
0)| ≤ q(x, Q2

0)

3) Calculate ∆q(x, Q2) for Q2 6= Q2
0 via evolu-

tion equations.

4) Determine parameters by χ2 minimization.

30-b



Extraction of parton densities from DIS

data

1) Parametrize densities at some Q2
0 e.g.

∆q(x, Q2
0) = C xα(1− x)βq(x, Q2

0)

2) Respect positivity: |∆q(x, Q2
0)| ≤ q(x, Q2

0)

3) Calculate ∆q(x, Q2) for Q2 6= Q2
0 via evolu-

tion equations.

4) Determine parameters by χ2 minimization.

30-c



Evolution equations

For the polarized densities the evolution equa-

tions are

d

d lnQ2
∆q(x, Q2) =

αs(Q2)

2π

∫ 1

x

dy

y

{∆Pqq(x/y)∆q(y, Q2) + ∆PqG(x/y)∆G(y, Q2)}

d

d lnQ2
∆G(x, Q2) =

αs(Q2

2π

∫ 1

x

dy

y

{∆PGq(x/y)∆q(y, Q2) + ∆PGG(x/y)∆G(y, Q2)}
where ∆G(x) is analogous to ∆q(x)

∆G(x) = G+(x)−G−(x).

The ∆P are the polarized splitting functions

and are calculated perturbatively

∆P (x) = ∆P (0)(x) +
αs

2π
∆P (1)(x)

where the superscripts (0) and (1) refer to LO

and NLO contributions.
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Behaviour as x → 1

Perturbative QCD argument:

q±(x) → (1− x)2n−1+(1∓1)

where n is the number of spectator quarks.

Implies

∆q(x)

q(x)
→ 1 as x → 1

Not clear whether parton densities obey this.

Not imposed in parametrization.
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Problem with polarized data

Theory assumes Q2 À M2.....leading twist.

NLO correct to order αs(Q2). Higher order

terms important if Q2 too small.

Most polarized data at relatively small values

of Q2.

Solution: Add higher twist terms:h(x)
Q2 . Parametrize

h(x).
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Status of the polarized parton densities

1) The light quark densities

Broad agreement between the various analy-

ses for the ∆u(x)+∆ū(x) and ∆d(x)+∆d̄(x)

parton densities.
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Early data demanded negative values of ∆d(x)+
∆d̄(x) and continued to do so even when the
measured region was extended to x = 0.6 at
Jefferson Laboratory .

Note that enforcing

∆q(x)

q(x)
→ 1 as x → 1

led to a ∆d(x)+∆d̄(x) which became positive
just beyond x = 0.6. With the 12GeV upgrade
at Jefferson it should be possible to explore out
to x = 0.8 and to settle the matter.
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2) The polarized strange quark density.

A controversial issue at present. All analyses

of purely DIS data have found negative values

for ∆s(x)+∆s̄(x). But shapes little different.

Reason: positivity
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An important quantity:

∆S ≡
∫ 1

0
dx[∆s(x) + ∆s̄(x)].

LSS’06 give

∆SMS = −0.126±0.010 at Q2 = 1GeV 2

Can show: positive value ⇒ huge breaking of

SU(3)F invariance.

But: Semi-Inclusive DIS (SIDIS)

l + p → l′ + K + X

have suggested positive values of ∆s(x)+∆s̄(x)

for x ≥ 0.03.

Why? Not clear. Need fragmentation func-

tion.

q → K + X
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More puzzling. Recent NLO combined anal-

ysis of DIS, SIDIS and pp → π0 or jet + X by

the DSSV group also finds positive values for

∆s(x) + ∆s̄(x) for x ≥ 0.03.

Amazingly, have negative first moment ∆S =

−0.114 at Q2 = 10GeV 2.

How possible? ∆s(x) + ∆s̄(x) becomes nega-

tive for x ≤ 0.02.

But, essentially no data at x ≤ 0.02 !!!

Caused by need to satisfy SU(3)F symmetry

??
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More puzzling. Recent NLO combined analysis

of DIS, SIDIS and pp → π0 or jet + X by the

DSSV group (2008) also finds positive values

for ∆s(x) + ∆s̄(x) for x ≥ 0.03.

Amazingly, have negative first moment ∆S =
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How possible? ∆s(x) + ∆s̄(x) becomes nega-

tive for x ≤ 0.02.

But, essentially no data at x ≤ 0.02 !!!

Caused by need to satisfy SU(3)F symmetry??

38-d



DSSV state do not impose SU(3)F symmetry.

Have free (???) parameter εSU(3) to break

symmetry.

Why, in χ2 analysis, does it come out almost

zero???
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Recent AAC analysis (2008) of DIS plus the

π0 production data from RHIC finds a negative

strange quark density.
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3) The flavor singlet first moment ∆Σ.

All modern global analyses obtain compatible

values for ∆Σ. In the MS scheme, where

a0(Q
2) = ∆Σ(Q2) they find at Q2 = 4 GeV2:

LSS’06 COMPASS’06 AAC’08 DSSV

0.24± 0.04 0.29± 0.01 0.25± 0.05 0.24
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4)The polarized gluon density.

Hoped for resolution of “spin crisis in the par-

ton model”:

a0 = ∆Σ− 3
αs

2π
∆G.

Get small value of a0 via cancellation between

relatively large ∆Σ and ∆G

Present day estimates are a0 ≈ 0.25. Thus de-

manding ∆Σ ≈ 0.6 requires, for the first mo-

ment,

∆G ≈ 1.7 at Q2 = 1GeV 2

The question is whether this is compatible with

what we know about the polarized gluon den-

sity.
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Three ways to access ∆G(x):

i) via polarized DIS

ii) via the measurement of the asymmetry ALL

in SIDIS production of charmed quarks or high

pT jets

iii) via the measurement of the asymmetry ALL

in semi-inclusive polarized pp reactions at RHIC.

i) DIS

In fits to data on g1(x, Q2) main role of the

gluon is in the evolution with Q2. But range

of Q2 very limited. Hence determination of

∆G(x) is imprecise.
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in semi-inclusive polarized pp reactions at RHIC.

i) DIS

In fits to data on g1(x, Q2) main role of the

gluon is in the evolution with Q2. But range

of Q2 very limited. Hence determination of

∆G(x) is imprecise.
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Pre 2005 all analyses seemed to indicate that

∆G(x) was a positive function of x.
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With recent data: LSS’06 good fits with pos-

itive, negative and sign-changing ∆G(x), pro-

vided higher twist terms included.
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The present situation:
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X

At present, in all fits, irrespective of the form of

the gluon density, the magnitude is very small.

Typically |∆G| ≈ 0.29 ± 0.32, much smaller

than the desired 1.7 !
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ii) Asymmetry ALL in SIDIS production of charmed

quarks or high pT jets (HERMES, COMPASS)

No charmed quarks in nucleon. Hence pro-

duced via

µ
µ’

p

c−bar

c

“Golden” method is detection of two charmed

particles roughly back to back. Unfortunately,

hopeless, from a statistics point of view.

Hence detect single, charmed meson with large

transverse momentum or jets.
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Results (some preliminary)
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Compatible with very small ∆G(x) even zero.
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iii) Asymmetry ALL in semi-inclusive polarized

pp reactions at RHIC.

→
p +

→
p→ (hadrons, jets, gammas) + X

Preliminary results from STAR and PHENIX
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PHENIX

Again compatible with ∆G(x) = 0 !!!!!!!

51



Outlook on the “spin crisis”

Large polarized gluon density to resolve “spin

crisis” no longer tenable.

What then???

Collinear parton model neglects transverse mo-

tion of partons and therefore orbital angular

momentum.

From known magnitude of kT ⇒ enough Lz

to satisfy the longitudinal angular momentum

sum rule.

Against this explanation is the intuitive, but

probably incorrect, argument that in quark mod-

els of hadrons the nucleon appears as an s-

wave ground state i.e. with zero orbital angu-

lar momentum.
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Other possibilities. e.g. Modified Cloudy Bag

Model (Thomas et al ):

nucleon made up of valence quarks and a pion

cloud

AND

wave function includes one gluon exchange.

In rest frame, ∆Σ ≈ 0.35... not too far from

most recent experimental results.

In this approach there is no dramatic “spin cri-

sis”.
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The future

Exciting possibility: Very high energy EIC lepton-

hadron collider

Maybe reach Q2 ≈ 1,000GeV 2 !

Major improvement in knowledge of ∆G(x)....

determine sign
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Gauge invariance depends on polarization

state

Let us for the moment take p2 = m2 and p′2 =
m′2. One finds that

w
(A)
µν = 2 εµναβ m′sα

[
(1− m

m′) pβ − m

m′ q
β
]

Note that because of the term in round brack-
ets the result is not gauge invariant i.e. qµ wµν 6=
0 unless m′ = m. But for longitudinal polar-
ization, sα = sα

L, we have

m′ sα
L → ±pα for

m′

p
¿ 1

and therefore the non-gauge invariant term van-
ishes because of the antisymmetry of the ε

symbol.
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OPE

The hadronic tensor Wµν is given by the Fourier

transform of the nucleon matrix elements of

the commutator of electromagnetic currents

Jµ(x):

Wµν(q;P, S) =
1

2π

∫
d4x eiq·x〈P, S|[Jµ(x), Jν(0)]|P, S〉

where Sµ is the covariant spin vector specifying

the nucleon state of momentum Pµ.

In hard processes, x2 ' 0 is important, so we

can use the Wilson expansion.

The OPE gives moments of g1,2 in terms of

hadronic matrix elements of certain operators

multiplied by perturbatively calculable coeffi-

cient functions. The ai are hadronic matrix

elements of the octet of quark SU(3)F axial-

vector currents J
j
5µ (j = 1, ...,8) and the flavour

singlet axial current J0
5µ.
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The octet currents are

J
j
5µ = ψ̄γµγ5


λj

2


ψ (j = 1,2, ...,8)

where the λj are the usual Gell-Mann matrices

and ψ is a column vector in flavour space

ψ =




ψu

ψd
ψs


 ,

and the flavour singlet current is

J0
5µ = ψ̄γµγ5ψ .

The forward matrix elements of the J
j
5µ can

only be proportional to Sµ, and the aj are de-

fined by

〈P, S|Jj
5µ|P, S〉 = MajSµ

〈P, S|J0
5µ|P, S〉 = 2Ma0Sµ .
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Analogously one introduces an octet of vector

currents

Jj
µ = ψ̄γµ


λj

2


ψ (j = 1, ..., 8)

which are conserved currents to the extent that

SU(3)F is a symmetry of the strong interac-

tions.
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Problems with dimensional

renormalization in spin case

It turns out to be crucial in handling these di-

vergences to use the technique of dimensional

regularization, which is straightforward in the

unpolarized case, but which runs into a snag

in the polarized case. The problem is that the

generalization of γ5 in more than 4-dimensions

is ambiguous. In 4-dimensions we have

{γµ , γ5} = 0 µ = 0,1,2,3
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If we try

{γn , γ5} = 0 n = 4,5, ¦ ¦ ¦

it leads to a contradiction when using

Tr[ABC −−−X] = Tr[XABC −−−]
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There is also a problem with the generalization

of εµνρσ. ’t Hooft and Veltman and Breiten-

lohner and Maison suggested using

{γµ , γ5} = 0 µ = 0,1,2,3

[γn , γ5] = 0 n = 4,5, ¦ ¦ ¦

This gives rise to the MS −HV BM renormal-

ization scheme, which, however, has a prob-

lem. The third component of the isovector

axial current J3
µ5

is NOT conserved, implying

that a3 depends on Q2. It turns out that this

feature is linked to how the factorization be-

tween hard and soft parts is implemented and

can be remedied.
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Non-singlets in NLO

Note that in LO flavor combinations like qf−qf ′
(e.g., u(x) − d(x)) and valence combinations

like qf − q̄f (e.g., u(x) − ū(x)) are non-singlet

and evolve in the same way, without the ∆G

term. (There is no splitting in LO from a q

to a q̄, nor from, say, a u to a d.) However,

in NLO flavor non-singlets like u(x)− d(x) and

charge-conjugation non-singlets like u(x)−ū(x)

evolve differently. The origin of this difference

can be seen in Figs.

Take modulus squared of this. Obtain two pos-

sibilities
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Shows two possible contributions to ∆Pqq̄ from

taking the modulus squared of this amplitude.

In (a) the contribution is pure flavor singlet

and involves only gluon exchange, whereas in

(b) the contribution is non-singlet. However,

if we try to do something similar for a flavor

changing splitting function e.g. ∆Pdu we find

that we cannot construct the non-singlet dia-

gram.
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Bound on positivity of strange quark

density

Consider the following constraint on the first

moment

δs ≡ [∆s + ∆s̄]

We can rewrite the expression for Γp
1 as

Γp
1(Q

2) =
1

6

[1
2

a3 +
5

6
a8 + 2δs(Q

2)
]

or

a8 =
6

5

[
6Γp

1(Q
2)− 1

2
a3 − 2δs(Q

2)
]

We know a3 very accurately. Using the mea-

sured values of Γp
1(Q

2) we show that δs(Q2) ≥
0 implies an unacceptable value for a8.
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We have to decide what value to use for Γp
1(Q

2),

since the result depends on the extrapolation

to x = 0. We take two extremes:

(i) Assume perturbative QCD holds at small x

as done by SLAC experiment E155 etc. This

yields

Γp
1(Q

2 = 5) = 0.118± 0.004± 0.007

(ii) Assume Regge behaviour at small x as uti-

lized by SLAC experiment E143 etc. This gives

Γp
1(Q

2 = 3) = 0.133± 0.003± 0.009

Results: If δs is positive we find:
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(i) a8 ≤ 0.089± 0.058

(ii) a8 ≤ 0.197± 0.068

Now to the best of our knowledge hyperon β-

decay is adequately described by SU(3)F and

this leads to a8 = 0.585± 0.025

Thus δs(Q2) ≥ 0 implies a dramatic breaking

of SU(3)F , and we conclude that it is almost

impossible to have δs(Q2) ≥ 0.

Now HERMES has extracted ∆s(x) + ∆s̄(x)

from a study of SIDIS . The results are shown

below.
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Within errors the results are consistent with

zero, and HERMES quote

δs(Q
2 = 2.5) = 0.028± 0.033± 0.009

The previous discussion suggests that the cen-

tral value cannot be the true value unless we

have totally failed to understand the connec-

tion between DIS and SIDIS . If the latter is

not the case, how can we understand the HER-

MES results?
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I think it is important to remember that HER-

MES uses a LO method based on so-called

purities. I suspect that such an approach is

unreliable at the values of Q2 involved, and

that the errors on the purities are somewhat

underestimated in their analysis. So I strongly

believe that this new ‘strange quark crisis’ will

prove to be illusory.
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